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HORIZONTAL GAUSS CURVATURE FLOW OF GRAPHS IN CARNOT GROUPS
ERIN HALLER MARTIN
Abstrat. We show the existene of ontinuous visosity solutions to the equation desribing the ow of
a graph in the Carnot group G × R aording to its horizontal Gauss urvature. In doing so, we prove a
omparison priniple for degenerate paraboli equations of the form ut + F (D0u, (D20u)
∗) = 0 for u dened
on G.
1. Introdution
In the Eulidean setting, there has been extensive study of the evolution of surfaes by their Gauss
urvature (see [12℄, [35℄, [38℄, [39℄, [2℄, [17℄, [18℄, [37℄). For a ow of surfaes parameterized by x : Mn×[0, T ]→
Rn+1, suh an evolution is desribed by
(1.1)
{
∂tx(s, t) = −K(s, t)~n(s, t)
x(s, 0) = x0
where K is the Gauss urvature of the surfae Mt = x(M
n, t), ~n(s, t) is the outer unit normal at x(s, t) and
x0 desribes the initial surfae. In 1974, W. J. Firey [18℄ proposed this ow as a model for the hanging
shape of a tumbling stone. Assuming some existene and regularity of solutions, he showed that surfaes
whih are onvex and symmetri about the origin ontrat to points. K. Tso [37℄ resolved the existene and
regularity aspets by showing that (1.1) has a unique smooth solution for a maximal time interval [0, T )
when the initial surfae is smooth, losed and uniformly onvex. Building on the results of Tso, B. Andrews
[2℄ generalized Firey's result to surfaes whih are not neessarily symmetri but simply onvex. During this
time, Y.-G. Chen, Y. Giga and S. Goto [10℄, and independently L. C. Evans and J. Spruk [17℄, developed
a new approah to desribing the evolution of surfaes whih ow aording to funtions of their prinipal
urvatures. By onsidering the surfaes as level sets of a funtion, they ould desribe the ow using a
salar partial dierential equation instead of the system of PDE whih results from the parameterization
desribed above. Following this level set method, P. Marati and M. Molinari [33℄ redued the problem of
the Gauss urvature ow to showing the existene, uniqueness, and regularity of so-alled visosity solutions
to a degenerate paraboli partial dierential equation. Suh notions of solution provide for the existene and
desription of a solution past singularities whih may develop in the surfae ow.
In reent years, visosity theory has been extended to inlude solutions to equations dened on more
general spaes suh as the sub-Riemannian Carnot groups, eah of whih an be thought of as a limit of
Riemannian manifolds (see [3℄, [4℄, [40℄, [41℄ [5℄, [6℄). Curvature ows in this setting, in partiular the mean
urvature ow, have even been found to have appliations to digital image reonstrution and neurosiene
([13℄, [22℄). For the extension of the Gauss urvature ow problem to the setting of Carnot groups, the
Riemannian Gauss urvature is substituted with the so-alled horizontal Gauss urvature whih is built by
taking into aount only the prinipal urvatures orresponding to horizontal tangent diretions (see [15℄,[9℄).
In this setting, it is natural to begin with the ase when the surfae is given by the epigraph of a funtion
u : G→ R, the evolution whih is desribed by
(1.2)

 ∂tu(p, t) = −K(p, t)~n0(p, t) =
det((D20u)∗)“√
1+|D0u|2
”m1+1
u(p, 0) = u0(p)
where K(p, t) is the horizontal Gauss urvature, D0u is the horizontal gradient of u, (D
2
0u)
∗
is the sym-
metrized horizontal Hessian of u, ~n0 is the normal to the surfae projeted onto the horizontal spae V
1
, m1
is the dimension of V 1, and u0 is used to desribe the original surfae. Reall that the theory of visosity solu-
tions relies on the elliptiity (or oerivity) of F (D0u, (D
2
0u)
∗) = − det((D
2
0u)
∗)“√
1+|D0u|2
”m1+1 , i.e. F (η,X ) ≤ F (η,Y)
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whenever X ,Y ∈ Sm1(R), Y ≤ X and Sm1(R) denotes the set of all m1 × m1 real symmetri matries.
However, we see immediately that F (η,X ) = − detX“√
1+|η|2
”m1+1 only satises this property if X is positive
denite. Beause of this, we will instead show the existene of ontinuous visosity solutions to the following
modied problem:
(1.3)

 ∂tu(p, t) =
det+((D20u)
∗)“√
1+|D0u|2
”m1+1
u(p, 0) = u0(p)
where det+X =
∏m1
i=1max{λi, 0} and {λi} denotes the eigenvalues of X . In the Eulidean setting, it has
been shown (see [11℄, [33℄, [37℄, [1℄) that a stritly onvex surfae whih ows aording to its Gauss urvature
remains stritly onvex. Thus, if the initial surfae is stritly onvex, the modied problem is equivalent to
the original Gauss urvature ow problem. In Setion 4, we will show that the same is true for the Carnot
group setting when we replae Eulidean onvexity with the appropriate notion of onvexity for Carnot
groups, known as weak H-onvexity (see Setion 4.2 for details), and add some extra hypotheses onerning
u0.
In reent years, some progress has been made in proving the existene and uniqueness of visosity solutions
to ertain degenerate ellipti evolution equations in Carnot groups. For example, existene and uniqueness
results have been shown by L. Capogna and G. Citti [7℄ for the mean urvature ow equation. T. Bieske [6℄
proved a omparison priniple, and via Perron's method, existene and uniqueness results for solutions of
degenerate paraboli equations whih are dened on bounded domains in the Heisenberg group and satisfy
ertain uniform ontinuity onditions. In [4℄, F. Beatrous, T. Bieske, and J. Manfredi proved an analogous
omparison priniple for degenerate ellipti equations generated by vetor elds. As an exerise, and to more
learly present the main results of this paper, in Setion 3 we will rst use a ombination of these methods
to extend the results in [6℄ and [4℄ to degenerate paraboli equations on Carnot groups. However, even these
theorems will require the domain on whih the sub- and supersolutions are dened to be bounded and F to
be admissible, i.e. F must satisfy ertain uniform ontinuity onditions. We immediately see that beause
of this, these results annot be applied to the horizontal Gauss urvature ow equation.
Reently, C.-Y Wang [40℄ used a areful appliation of Jensen's maximum priniple to the sup/inf on-
volutions of the sub- and supersolutions to prove a omparison priniple for subellipti equations on Carnot
groups whih do not neessarily satisfy any uniform ontinuity onditions. However, he still required that the
sub- and supersolutions be dened on bounded domains. In the Eulidean setting, H. Ishii and T. Mikami
[26℄ used this same idea along with the additional requirement that the sub- and supersolutions possess er-
tain growth onditions at innity to prove a omparison priniple for unbounded domains. By ombining the
ideas in these two papers, in Setion 3 we will prove a omparison priniple that an be applied to sub- and
supersolutions of the horizontal Gauss urvature ow equation dened on unbounded domains. Combining
this omparison priniple with Perron's method will then yield the desired existene of ontinuous visosity
solutions.
2. Carnot Groups
In this setion we introdue Carnot groups and summarize their basi properties.
Denition 1. Let G be a Lie group and g its orresponding Lie algebra. G is a stratied nilpotent Lie group
of step r ≥ 1 if g admits a vetor spae deomposition in r layers
g = V 1 ⊕ V 2 ⊕ · · · ⊕ V r
having the properties that [V 1, V j ] = V j+1, j = 1, . . . , r − 1 and [V j , V r] = 0, j = 1, . . . , r.
Let mj = dim(V
j) and let Xi,j denote a left-invariant basis of V
j
where 1 ≤ j ≤ r and 1 ≤ i ≤ mj . The
dimension of G as a manifold is m = m1 +m2 + · · ·+mr. For simpliity, we will often set Xi = Xi,1. We
all the {Xi} horizontal vetor elds and all their span, denoted HG, the horizontal bundle. We all the
{Xi,j}2≤j≤r vertial vetor elds and all their span, denoted VG, the vertial bundle. Then TG = HG⊕VG.
We also dene n = m2 + · · ·+mr.
Let g be a Riemannian metri on g with respet to whih the V j are mutually orthogonal. An absolutely
ontinuous urve γ : [0, 1] → G is horizontal if the tangent vetor γ′(t) lies in V 1 for all t. The Carnot-
Carathéodory metri is then dened by
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dcc(p, q) = inf
∫ 1
0
(
m1∑
i=1
〈
γ′(t), Xi|γ(t)
〉2
g
dt
)1/2
,
where the inmum is taken over all horizontal urves γ suh that γ(0) = p, γ(1) = q and 〈·, ·〉g denotes the
left invariant inner produt on V 1 determined by g.
Denition 2. Let G be a simply onneted Lie group with Lie algebra g and a Carnot Carathéodory metri
dCC developed as above. Then the pair (G, dCC) is a Carnot group.
Note. By a standard abuse of notation, we will refer to G as the Carnot group, implying its assoiation
with dCC .
As the exponential map exp: g 7→ G is a global dieomorphism, we an use exponential oordinates on G.
In this way, a point p ∈ G has oordinates pi,j for 1 ≤ i ≤ mj , 1 ≤ j ≤ r if
p = exp

 r∑
j=1
mj∑
i=1
pi,jXi,j

 .
In this setting, the non-isotropi dilations are the group homomorphisms given by
δs

 r∑
j=1
mj∑
i=1
pi,jXi,j

 = r∑
j=1
mj∑
i=1
sjpi,jXi,j ,
where s > 0.
Using these oordinates an equivalent distane on G is the gauge norm given by
|p|g =

 r∑
j=1
(mj∑
i=1
|pi,j |2
) r!
j


1
2r!
.
(Note that typially | · |g is only a quasinorm rather than a true norm, i.e. the inequality |p q|g ≤ |p|g|q|g
must be replaed with |p q|g ≤ C|p|g|q|g for some onstant C <∞.) Then we have
dg(p, q) = |q−1p|g.
Using this distane we dene the gauge balls B(p, r) = {x ∈ G | dg(p, x) < r}. We also have |B(p, r)| = wGrQ
where |B(e, 1)| = wG, e is the group identity and Q =
∑r
k=1 kmk is the so-alled homogeneous dimension of
G (see [19℄).
Example 1. Eulidean Spae En
The simplest example of a Carnot group is Eulidean spae, En = (Rn, | · | ), whih is a Carnot group of step
1.
Example 2. The Heisenberg Group Hn
The simplest example of a non-abelian Carnot group is the Heisenberg group, Hn, whih is a Carnot group
of step 2. It is the Lie group with underlying manifold R2n × R endowed with the non-ommutative group
law
(x, x2n+1)(x
′, x′2n+1) = (x+ x
′, x2n+1 + x
′
2n+1 + 2[x, x
′]) ,
where x, x′ ∈ R2n, x2n+1, x′2n+1 ∈ R, and [x, x′] =
∑n
i=1(x
′
ixn+i − xix′n+i). The vetor elds Xi,1 =
∂xi − 12xn+i∂x2n+1 , Xi+n,1 = ∂xn+i + 12xi∂x2n+1, for i = 1, . . . , n and X1,2 = ∂x2n+1 form a left-invariant
vetor basis for the Lie algebra of Hn. Its Lie algebra h an be written as the vetor sum h = V 1⊕V 2, where
V 1 = Span{X1,1, . . . , X2n,1} and V 2 = Span{X1,2}.
Example 3. H-type Groups
A Carnot group G is said to be of Heisenberg type, or of H-type, if the Lie algebra g is of step two with
g = V 1⊕V 2 and if there is an inner produt 〈·, ·〉 on g suh that the linear map J : V 1 → EndV 2 dened by
the ondition
(2.1) 〈Jz(u), v〉 = 〈z, [u, v]〉
satises
(2.2) J2z = −|z|2Id
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for all z ∈ V 2. The following are onsequenes of (2.1) and (2.2) :
(2.3) |Jz(v)| = |z||v|
(2.4) 〈Jz(v), v〉 = 0.
Suh groups were introdued by Kaplan in [30℄. For more information, we refer the reader to [30℄ and [21℄.
We will also need the following denition of spaes of ontinuous funtions.
Denition 3. Let G be a Carnot group. For j, k, l ∈ N, Ω ⊂ G, and T > 0 we let Ck,lj (Ω× (0, T )) represent
the set of funtions f : Ω×[0, T ]→ R suh that the omponents of f as well as all of the horizontal derivatives
up to order k, all of the derivatives along the seond layer up to order j, and all of the time derivatives up
to order l of the omponents of f are ontinuous in Ω× (0, T ).
We will also use Ck,l in the usual way to denote the set of funtions f : Ω× [0, T ]→ R having the property
that the omponents of f as well as all of the Eulidean spatial derivatives up to order k and all of the time
derivatives up to order l are ontinuous.
Finally we will need the following notation onerning the derivatives of u. Given a funtion u : G×[0, T ]→
R we onsider the (full) spatial gradient of u given by
D
X
u = (Xi,ju)1≤i≤mj ,1≤j≤r ∈ Rm.
As a vetor eld, this is written as
D
X
u =
r∑
j=1
mj∑
i=1
(Xi,ju)Xi,j .
The horizontal gradient of u is
D0u = (Xiu)1≤i≤m1 ∈ Rm1 ,
or as a vetor eld
D0u =
m1∑
i=1
(Xiu)Xi.
We will also write
D1u = (Xi,2u)1≤i≤m2
for the gradient along the seond layer,
D20u = (XiXju)1≤i≤m1
for the seond order derivatives orresponding to V 1, and (D20u)
∗
for its symmetri part
1
2 (D
2
0u + (D
2
0)
T ),
where AT denotes the transpose of A. We will also always let Sm1(R) denote the set of all m1 ×m1 real
symmetri matries.
3. Visosity Solutions and Comparison Priniples
In this setion we rst dene the notion of visosity solutions used in the main portion of this paper. Note
that other equivalent denitions exist but are not appropriate for the proofs presented here. We refer the
reader to [34℄, as well as [4℄, [32℄, [6℄, for more details.
We will onsider paraboli equations of the form
(3.1) ut + F (t, p, u,D0u,D1u, (D
2
0u)
∗) = 0
for ontinuous F : [0, T ]×G× R× Rm1 × Rm2 × Sm1(R)→ R.
Denition 4. Let G be a Carnot group, O ⊂ G an open set and OT = O×(0, T ). Let (p0, t0) ∈ OT . A lower
semiontinuous funtion v is a visosity supersolution of the equation (3.1) in OT if for all ϕ ∈ C2,11 (OT )
suh that u− ϕ has a loal minimum at (p0, t0) one has
ϕt(p0, t0) + F (t0, p0, u(p0, t0), D0ϕ(p0, t0), D1ϕ(p0, t0), (D
2
0ϕ)
∗(p0, t0)) ≥ 0.
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Denition 5. Let G be a Carnot group, O ⊂ G an open set and OT = O × (0, T ). Let (p0, t0) ∈ OT . An
upper semiontinuous funtion u is a visosity subsolution of the equation (3.1) in OT if for all ϕ ∈ C2,11 (OT )
suh that u− ϕ has a loal maximum at (p0, t0) one has
ϕt(p0, t0) + F (t0, p0, u(p0, t0), D0ϕ(p0, t0), D1ϕ(p0, t0), (D
2
0ϕ)
∗(p0, t0)) ≥ 0.
Denition 6. A funtion u is a visosity solution of (3.1) if
u∗(p, t) := lim
r↓0
sup{u(q, s) : |q−1p|g + |s− t| ≤ r}
is a visosity subsolution and
u∗(p, t) := lim
r↓0
inf{u(q, s) : |q−1p|g + |s− t| ≤ r}
is a visosity supersolution.
As in the Eulidean setting, eah of the above denitions has an equivalent form stated in terms of
paraboli semi-jets. More details an be found in [34℄.
To proeed, we need the following denitions.
Denition 7. Let G be a Carnot group and O ⊂ G an open set. A ontinuous funtion
F : [0, T ]× O¯ × R× Rm1 × Rm2 × Sm1(R)→ R
is degenerate ellipti if
F (t, p, r, η, ξ,X ) ≤ F (t, p, s, η, ξ,Y)
whenever Y ≤ X , r ≤ s.
Note. We will all the equation ut(p, t)+F (t, p, r, η, ξ,X ) = 0 degenerate paraboli if F is degenerate ellipti.
Denition 8. Let G be a Carnot group and O ⊂ G an open set. A degenerate ellipti funtion
F : [0, T ]× O¯ × R× Rm1 × Rm2 × Sm1(R)→ R
is admissible if there exist σ > 0 and ωi : [0,∞]→ [0,∞] with ωi(0+) = 0 so that F satises
|F (t, p, r, η, ξ,X )− F (t, q, r, η, ξ,X )| ≤ ω1(|q−1p|g)
|F (t, p, r, η+, ξ,X − F (t, p, r, η−, ξ,X )| ≤ ω2(|η+ − η−|)
|F (t, p, r, η, ξ+,X )− F (t, p, r, η, ξ−,X )| ≤ ω3(|ξ+ − ξ−|)
|F (t, p, r, η, ξ,X )− F (t, p, r, η, ξ,Y)| ≤ ω4(‖X − Y‖)
for eah xed t and where ‖B‖ = sup {|λ| : λ is an eigenvalue of B}.
In [4℄, Beatrous, Bieske, and Manfredi prove the general vetor eld analogue of the Eulidean omparison
priniple ([14, Theorem 3.3℄) for admissible PDE on bounded domains. In other words, they prove a om-
parison priniple for when the vetor elds {∂x1 , . . . , ∂xm} are replaed by an arbitrary olletion of smooth
vetor elds X and the equation F (x, u(x), Du,D2u) = 0 is replaed by
F (x, u(x), D
X
u, (D2
X
u)∗) = 0
where F is admissible. Manfredi [32℄ showed that suh a omparison priniple still holds when we onsider
instead
F (x, u(x), D0u,D1u, (D
2
0u)
∗) = 0.
In [6℄, Bieske extended Manfredi's work to paraboli equations of the form
ut + F (t, p, u,D0u, (D
2
0u)
∗) = 0
for u : Ω × (0, T ) → R, Ω ⊂ Hn and F admissible. It is straightforward to extend these proofs to the ase
when the equation is degenerate paraboli and u : Ω × (0, T ) → R, Ω ⊂ G bounded. Following the proofs
in [4℄, [32℄ ,[5℄, and [6℄, we use the Eulidean paraboli maximum priniple to obtain Eulidean paraboli
semi-jets and then "twist" and restrit them appropriately to obtain subriemannian paraboli semi-jets and
thus visosity sub/super solutions. For the full details of the proof of this theorem, Theorem 1, please see
[34℄. Note that this proof requires the denitions of visosity sub/super solutions to be given in terms of
semi-jets but that these denitions are equivalent to the ones given above.
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Theorem 1. Let G be a Carnot group, O ⊂ G be a bounded domain, OT = O × (0, T ) with T > 0, and
ψ ∈ C(O¯). If u is a visosity subsolution and v is a visosity supersolution to
(3.2)


(E) ut + F (t, p, u,D0u,D1u, (D
2
0u)
∗) = 0 in OT ,
(BC) u(p, t) = 0 for 0 ≤ t < T and p ∈ ∂O,
(IC) u(p, 0) = ψ(p) for p ∈ O
where F is admissible, then u ≤ v on O × [0, T ). Here, as in [14℄, by a visosity subsolution to (3.2) on
O × [0, T ) we mean a funtion u that is a visosity subsolution to (E) suh that u(p, t) ≤ 0 for 0 ≤ t < T ,
p ∈ ∂O and u(p, 0) ≤ ψ(p) for p ∈ O. We dene the notions of supersolution in the same manner.
For the Gauss urvature ow equation, however, it is neessary to onsider a funtion F whih is not
admissible. In partiular,
(3.3) ut + F (D0u, (D
2
0u)
∗) = ut −
det
(
(D20u)
∗
)
(√
1 + |D0u|2
)m1+1 = 0
where F does not satisfy
|F (η,X ) − F (η,Y)| ≤ ω(‖X − Y‖).
Further, we would like to onsider PDE whih are dened on all of G, not just those dened on a bounded
domain Ω ⊂ G. However, the tehnique of onstruting the subriemannian paraboli jets from Eulidean
jets annot be extended to inlude this situation. The Eulidean paraboli omparison priniple (see [14,
Theorem 5.1, Theorem 8.3℄) yields X ,Y ∈ Sm suh that X and Y are the seond order parts of the Eulidean
sub- and superjets, respetively, and( X 0
0 −Y
)
≤ 3α
(
I −I
−I I
)
+ 3ǫI
for α large and ǫ small. "Twisting" the matrix 3ǫI poses a problem beause the domain is unbounded. As
the elements of the hange of basis matrix whih takes {∂x1 , . . . , ∂xm} to X are unbounded, the right hand
side of the "twisted" form of the above inequality may go to innity despite letting ǫ → 0. As the proof of
Theorem 1 relies heavily on the right hand side remaining bounded for eah xed α as ǫ→ 0, the proof fails
in this ase.
To resolve these issues we use a dierent approah to the proof. In [40℄, Wang proves a omparison
priniple for fully non-linear subellipti equations whih are dened on a bounded domain but not neessarily
admissible. The strategy for the proof relies rst on the existene of a strit visosity supersolution to (3.3)
whih an be onstruted by perturbing any given visosity supersolution ([40, Lemma 2.1℄). The sup
onvolution of the visosity subsolution u and the inf onvolution of the strit visosity supersolution v ([40,
Denition 3.1℄), denoted uǫ and vǫ respetively, are then used to onstrut funtions w
ǫ(uǫ, vǫ) to whih
Jensen's maximum priniple ([28, Lemma 3.10℄,[10, Lemma 3.4℄) is applied. This yields the existene of a
sequene of points at whih the funtions wǫ are in C2,11 and have a loal maximum. Using the relationships
between the derivatives of uǫ and the derivatives of vǫ at the loal maxima along with the fat that u
ǫ
is a
subsolution and vǫ is a strit supersolution ([40, Proposition 3.3℄) yields the result after taking appropriate
limits. These onstrutions allow for the lak of admissibility of F , though they still require that F be
degenerate ellipti. For the paraboli proof, we follow the same overall strategy exept we will perturb the
given subsolution to onstrut a strit subsolution.
To extend this proof to the ase when Ω = G we need u and v to possess appropriate bounds at innity.
For this we adapt the proof of [25, Theorem 1℄ to the Carnot group ase and prove the following:
Theorem 2. Let G be a Carnot group. Suppose that F : Rm1 × Sm1(R) → R is ontinuous, degenerate
ellipti and is suh that if u(x, t) is a subsolution then µu(x, θt) is a subsolution of
(3.4) ut + F (D0u, (D
2
0u)
∗) = 0
for θ ∈ (0, 1) , µ ∈ (0, 1) satisfying θµ−(m1−1) ≤ 1. Let h0 : G→ R be suh that h0 ∈ C(G) and
(3.5) h0(x) ≥ ǫ0|x|2r!g ∀x ∈ G
for some ǫ0 > 0. Suppose u is a visosity subsolution and v is a visosity supersolution to (3.4) on G× [0,∞)
suh that
u(x, 0) ≤ v(x, 0) ∀x ∈ G
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and that for eah T > 0
(3.6) sup
(x,t)∈G×[0,T ]
(|u(x, t)− h0(x)| + |v(x, t)− h0(x)|) <∞.
Then
(i) for any θ ∈ (0, 1) the inequality u(x, θt) ≤ v(x, t) holds for all (x, t) ∈ G× (0,∞)
(ii) if we assume instead that u is ontinuous in t then u ≤ v on G× [0,∞)
(iii) or for more general visosity solutions, if we assume that h0 ∈ C2(G) and
det+D
2
0h0(x) ≤ C(1 + |D0h0(x)|2)(m1+1)/2 ∀x ∈ G
for some onstant C > 0 and that for eah ǫ > 0 there exists a onstant R = R(ǫ) > 0 suh that for
all x ∈ G, if |x|g ≥ R then
u(x, 0)− ǫ ≤ h0(x) ≤ v(x, 0) + ǫ,
then u ≤ v on G× [0,∞).
Proof. (i) Fix θ ∈ (0, 1) and T > 0. We need to show that
(3.7) u(x, θt) ≤ v(x, t) ∀(x, t) ∈ G× [0, T ).
Dene
uθ(x, t) := u(x, θt).
Let µ ∈ (0, 1) be suh that θµ−(m1−1) ≤ 1. By assumption µuθ is also a visosity subsolution. In order to
show (3.7) it is enough to show that for all µ ∈ (0, 1) suh that θµ−(m1−1) ≤ 1 we have
(3.8) µuθ ≤ v on G× [0, T )
By (3.5), there exists C0 > 0 suh that
|u(x, t)− h0(x)|+ |v(x, t)− h0(x)| ≤ C0 ∀x ∈ G× [0, T ).
From this we have that
µuθ(x, t) ≤ µ(h0(x) + C0)
≤ v(x, t) − h0(x) + C0 + µ(h0(x) + C0)
≤ v(x, t) + (1 + µ)C0 − (1− µ)ǫ0|x|g
≤ v(x, t) − (1− µ)ǫ0|x|2r!g + 2C0.
Therefore, there exists R > 0 suh that if |x|2r!g ≥ R2r! then
v(x, t) − (1− µ)ǫ0|x|2r!g + 2C0 ≤ v(x, t).
Thus
µuθ(x, t) ≤ v(x, t) on (G\B(0, R))× [0, T ).
Now it remains to be shown that
µuθ(x, t) ≤ v(x, t) on B(0, R)× [0, T ).
To obtain a ontradition, suppose that
(3.9) sup
B(0,R)×[0,T )
(µuθ − v) > 0.
To simplify the notation, from now on we will write
w = µuθ.
Consider w˜ = w − ǫT−t instead of w. Then w˜ is a visosity subsolution and we reall that this implies that
if we an show our laim for {
wt + F (D0w, (D
2
0w)
∗) ≤ −δ < 0
limt→T w(x, t) = −∞ uniformly on B(0, R)
taking the limit as δ → 0 will yield the desired result.
Sine we have that
w ≤ v on ∂B(0, R)× [0, T )
8 ERIN HALLER MARTIN
and
sup
B(0,R)×[0,T )
(w − v) > 0
we must have
max
∂B(0,R)×[0,T )
(w − v) ≤ 0 < sup
B(0,R)×[0,T )
(w − v).
Further, reall that
u(x, 0) ≤ v(x, 0).
Thus by the denition of w,
w(x, 0) ≤ v(x, 0).
Therefore, we atually have
max
∂B(0,R)×[0,T )
(w − v) ≤ 0 < sup
B(0,R)×(0,T )
(w − v).
Let ǫ > 0 and dene for (x, t) ∈ B(0, R)× [0, T )
wǫ(x, t) = sup
(y,s)∈B(0,R)×[0,T )
{
w(y, s) − 1
2ǫ
(|y−1x|2r!g + |t− s|2)
}
and
vǫ(x, t) = inf
(y,s)∈B(0,R)×[0,T )
{
v(y, s) +
1
2ǫ
(|y−1x|2r!g + |t− s|2)
}
.
By [41, Propsition 2.3℄ we have that wǫ,−vǫ are semi-onvex, wǫ,−vǫ are Lipshitz with respet to |·|g+|·|, and
wǫ → w, vǫ → v pointwise as ǫ→ 0. Further, if we dene R0 = max{‖w‖L∞(B(0,R)×(0,T )), ‖v‖L∞(B(0,R)×(0,T ))}
(whih we know exists by (3.6)) and
B(0, R)(1+2R0)ǫ = {x ∈ B(0, R) : inf
y∈∂B(0,R)
: |y−1x|2r!g ≥ (1 + 2R0)ǫ}
[0, T )(1+2R0)ǫ = {t ∈ [0, T ) : inf
s∈{0,T}
: |t− s|2 ≥ (1 + 2R0)ǫ}
then we have that wǫ, vǫ are visosity sub- and supersolutions, respetively, on B(0, R)(1+2R0)ǫ×[0, T )(1+2R0)ǫ.
Now let ∂BT = (∂B(0, R)× [0, T ]) ∪ (B(0, R)× {0}) and reall
max
∂BT
(w − v) ≤ 0 < α ≤ sup
B(0,R)×(0,T )
(w − v).
Therefore, there exists (x, t ) ∈ B(0, R)× (0, T ) suh that
sup
B(0,R)×(0,T )
(w − v) = (w − v)(x, t ) ≥ (w − v)(x, t) ∀(x, t) ∈ B(0, R)× [0, T ).
Then for eah σ > 0,
(w − v)(x, t ) − 1
σ
(|x−1 · x|2r!g + |t− t |2)
= (w − v)(x, t )
≥ (w − v)(x, t)
> (w − v)(x, t) − 1
σ
(|x−1 · x|g + |t− t |)
for (x, t) 6= (x, t ). Therefore, (w− v)(x, t)− 1σ
(|x−1 · x|g + |t− t |) has a strit maximum at (x, t ). Further,
for σ large enough,
sup
B(0,R)×(0,T )
(
(w − v)(x, t) − 1
σ
(|x−1 · x|2r!g + |t− t |2)
)
≥ α
2
> 0
Sine wǫ,−vǫ are upper semiontinuous and wǫ → w, vǫ → v pointwise as ǫ→ 0, we have that(
wǫ − vǫ − 1
σ
(|x−1 ·x|2r!g + |t− t |2)−max
∂BT
(
(w − v)− 1
σ
(|x−1 ·x|2r!g + |t− t |2) ))
+
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onverges monotonially to 0 pointwise on ∂BT as ǫ→ 0 where
f+(x, t) = max{f(x, t), 0}. Therefore, by Dini's Lemma, the above onvergene is uniform. Then for ǫ small
enough and σ large enough,
max
∂BT
(
wǫ − vǫ − 1
σ
(|x−1 ·x|2r!g + |t− t |2) )
≤ 0
<
α
2
≤ sup
B(0,R)×(0,T )
(
w − v − 1
σ
(|x−1 ·x|2r!g + |t− t |2)
)
≤ sup
B(0,R)×(0,T )
(
wǫ − vǫ − 1
σ
(|x−1 ·x|2r!g + |t− t |2)
)
.
For the moment, x σ as large as neessary. Thus we have that
max
B(0,R)×[0,T )
(
wǫ − vǫ − 1
σ
(|x−1 ·x|2r!g + |t− t |2) )
= (wǫ − vǫ)(xσǫ , tσǫ )−
1
σ
(|x−1 ·xσǫ |2r!g + |tσǫ − t |2)
≥ α
2
> 0
where (xσǫ , t
σ
ǫ ) ∈ B(0, R) × (0, T ). Now it follows from the fat that wǫ − vǫ is Lipshitz ontinuous and
(wǫ − vǫ) → (w − v) pointwise that (xσǫ , tσǫ ) → (x, t ) as ǫ → 0. Combining this with the fat that
B(0, R)(1+2R0)ǫ × [0, T )(1+2R0)ǫ → B(0, R) × (0, T ) as ǫ → 0 yields the existene of ǫ small enough that
(xσǫ , t
σ
ǫ ) ∈ B(0, R)(1+2R0)ǫ × [0, T )(1+2R0)ǫ. Fix suh an ǫ. By the same argument as the one showing wǫ is
semi-onvex, we see that
wǫ(x, t)− vǫ(x, t)− 1
σ
(|x−1x|2r!g + |t− t |2)
is semi-onvex for eah σ and eah ǫ. By Jensen's maximum priniple 1 (see [28, Lemma 3.10℄, [10, Lemma
3.4℄), there exist a sequene {(yσ, ǫl , sσ, ǫl )} suh that (yσ, ǫl , sσ, ǫl ) → (xσǫ , tσǫ ) as l → ∞ and a sequene
{(aσ, ǫl , bσ, ǫl )} satisfying |aσ, ǫl |g ≤ 1l , |bσ, ǫl | ≤ 1l suh that
(3.10) wǫ(x, t)− vǫ(x, t) − 1
σ
(|x−1x|2r!g + |t− t |2)+ < aσ, ǫl , x >g +bσ, ǫl t
attains a maximum at (yσ, ǫl , s
σ, ǫ
l ) and is twie dierentiable (in the Eulidean sense) at (y
σ, ǫ
l , s
σ, ǫ
l ). There-
fore,
Dwǫ(yσ, ǫl , s
σ, ǫ
l ) = Dvǫ(y
σ, ǫ
l , s
σ, ǫ
l ) +
1
σ
D(|x−1yσ, ǫl |2r!g ) +D(< aσ, ǫl , yσ, ǫl >g),
wǫt(y
σ, ǫ
l , s
σ, ǫ
l ) = (vǫ)t(y
σ, ǫ
l , s
σ, ǫ
l )− bσ, ǫl +
2
σ
(sσ, ǫl − t ),
and
D2wǫ(yσ, ǫl , s
σ, ǫ
l ) ≤ D2vǫ(yσ, ǫl , sσ, ǫl ) +
1
σ
D2(|x−1yσ, ǫl |2r!g ).
Then by [7, Lemma 5.4℄
D0w
ǫ(yσ, ǫl , s
σ, ǫ
l ) = D0vǫ(y
σ, ǫ
l , s
σ, ǫ
l ) +
1
σ
D0(|x−1yσ, ǫl |2r!g ) + (aσ, ǫl )H ,
wǫt(y
σ, ǫ
l , s
σ, ǫ
l ) = (vǫ)t(y
σ, ǫ
l , s
σ, ǫ
l )− bσ, ǫl +
2
σ
(sσ, ǫl − t ),
and (
D20w
ǫ(yσ, ǫl , s
σ, ǫ
l )
)∗ ≤ (D20vǫ(yσ, ǫl , sσ, ǫl ))∗ + 1σ (D20(|x−1yσ, ǫl |2r!g ))∗ .
1
Jensen's maximum priniple gives a
σ,k
l
as a vetor in the anonial basis. However, sine we are on a bounded domain, by
hanging the basis and resaling, we obtain the a
σ,k
l
given.
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By the semionvexity of wǫ and −vǫ and Jensen's maximum priniple we have
−1
ǫ
I ≤ D2wǫ(yσ, ǫl , sσ, ǫl )
≤ D2vǫ(yσ, ǫl , sσ, ǫl ) +
1
σ
D2(|x−1yσ, ǫl |2r!)
≤ 1
ǫ
I +
1
σ
D2(|x−1yσ, ǫl |2r!)
≤ 1
ǫ
I + cI
sine we are working on a bounded domain. Therefore, we also have that
D20w
ǫ(yσ, ǫl , s
σ, ǫ
l ) and D
2
0vǫ(y
σ, ǫ
l , s
σ, ǫ
l ) are bounded above and below sine the hange of basis matrix A
is smooth and we are on a bounded domain. Sine wǫ is a visosity subsolution and vǫ is a visosity
supersolution and both are dierentiable at (yσ, ǫl , s
σ, ǫ
l ),
wǫt(y
σ, ǫ
l , s
σ, ǫ
l ) + F
(
D0w
ǫ(yσ, ǫl , s
σ, ǫ
l ),
(
D20w
ǫ(yσ, ǫl , s
σ, ǫ
l )
)∗) ≤ −δ
and
wǫt(y
σ, ǫ
l , s
σ, ǫ
l ) + b
σ, ǫ
l −
2
σ
(sσ, ǫl − t )
+ F
(
D0w
ǫ(yσ, ǫl , s
σ, ǫ
l )−
1
σ
D0(|x−1yσ, ǫl |2r!)− (aσ, ǫl )H ,
(
D20w
ǫ(yσ, ǫl , s
σ, ǫ
l )
)∗ − 1
σ
(
D20(|x−1yσ, ǫl |2r!)
)∗) ≥ 0.
Combining these and applying the degenerate elliptiity of F
0 < δ ≤ wǫt (yσ, ǫl , sσ, ǫl ) + bσ, ǫl −
2
σ
(sσ, ǫl − t )
+ F
(
D0w
ǫ(yσ, ǫl , s
σ, ǫ
l )−
1
σ
D0(|x−1yσ, ǫl |2r!)− (aσ, ǫl )H ,
(
D20w
ǫ(yσ, ǫl , s
σ, ǫ
l )
)∗ − 1
σ
(
D20(|x−1yσ, ǫl |2r!)
)∗)
− wǫt (yσ, ǫl , sσ, ǫl )− F
(
D0w
ǫ(yσ, ǫl , s
σ, ǫ
l ),
(
D20w
ǫ(yσ, ǫl , s
σ, ǫ
l )
)∗)
= F
(
D0w
ǫ(yσ, ǫl , s
σ, ǫ
l )−
1
σ
D0(|x−1yσ, ǫl |2r!)− (aσ, ǫl )H ,
(
D20w
ǫ(yσ, ǫl , s
σ, ǫ
l )
)∗ − 1
σ
(
D20(|x−1yσ, ǫl |2r!)
)∗)
− F
(
D0w
ǫ(yσ, ǫl , s
σ, ǫ
l ),
(
D20w
ǫ(yσ, ǫl , s
σ, ǫ
l )
)∗)
+ bσ, ǫl −
2
σ
(sσ, ǫl − t )
We then take the limits l, σ → ∞ of both sides of the inequality. By the ontinuity of F we may pass the
limits l, σ → ∞ inside. Notie that these limits exist beause the orresponding Eulidean derivatives are
bounded and the hange of basis matrix is bounded sine we are working on a bounded domain. Thus letting
l, σ →∞ we have a ontradition. This yields (i).
(ii) Taking the limit at θ → 1 in (i) yields (ii).
(iii) The proof of part (iii) follows exatly as in [25, Theorem 1(b)℄ with the exeption that "molliation"
is replaed by "left molliation." 
Notie that if our domain was bounded instead of all of G, we ould use the same proof as above without
the extra assumptions on u and v to obtain the following:
HORIZONTAL GAUSS CURVATURE FLOW OF GRAPHS IN CARNOT GROUPS 11
Corollary 3. Let G be a Carnot group. Suppose that Ω ⊂ G is a bounded domain and F : Rm1×Sm1(R)→ R
is degenerate ellipti. Suppose that u is a visosity subsolution and v is a visosity supersolution to (3.3) on
Ω× [0,∞) suh that
u(x, 0) ≤ v(x, 0) ∀x ∈ Ω
and
u(x, t) ≤ v(x, t) ∀(x, t) ∈ ∂Ω× [0,∞).
Then u ≤ v on Ω× [0,∞).
We will now use Perron's Method to onstrut visosity solutions to the degenerate paraboli equation
ut + F (t, p, u,D0u,D1u, (D
2
0u)
∗) = 0.
In order to prove the existene of suh solutions, we need the following lemmas, the proof of whih follow
the Eulidean proof in [20℄ with the modiations that Eulidean derivatives are replaed with horizontal
derivatives and the Eulidean norm is replaed with the gauge norm. As suh, the proof are omitted here.
Theorem 4. (Follows as in [20, Theorem 2.4.3℄) Let G be a Carnot group and O ⊂ G. Assume that
F : [0, T ] × G × R × Rm1 × Rm2 × Sm1(R) → R is degenerate ellipti. Let h− and h+ be a sub- and
supersolution of
(3.11) vt + F (t, p, v,D0v,D1v, (D
2
0v)
∗) = 0
in OT = O × (0, T ), respetively. If h− ≤ h+ in OT , then there exists a visosity solution u of (3.11) that
satises h− ≤ u ≤ h+ in OT .
Notie that Perron's method does not require the use of the omparison priniple in order to obtain the
existene of a visosity solution to
(3.12) vt + F (t, p, v,D0v,D1v, (D
2
0v)
∗) = 0.
However, in order to show the ontinuity or uniqueness of suh solutions, we will need the omparison
priniple. When O is bounded, we use the omparison priniple given by Corollary 3.
Theorem 5. Let G be a Carnot group and O ⊂ G be bounded. Suppose F : Rm1×Sm1(R)→ R is degenerate
ellipti. Suppose f and g are sub- and supersolutions of
vt + F (D0v, (D
2
0v)
∗) = 0,
respetively, in OT = O × (0, T ) satisfying f ≤ g on OT and f∗ = g∗ on ∂OT = (O × {0}) ∪ (∂O × [0, T )).
Then there is a visosity solution u of (3.12) satisfying u ∈ C(OT ) and f ≤ u ≤ g on O¯T .
Theorem 6. Let G be a Carnot group, O ⊂ G be bounded, and OT = O × (0, T ). Suppose F : Rm1 ×
Sm1(R)→ R is degenerate ellipti. For given g ∈ C(∂OT ) there is at most one solution u of
vt + F (D0v, (D
2
0v)
∗) = 0
in OT with u = g on ∂OT .
In order to use the omparison priniple for an unbounded domain, Theorem 2, we need to have the
existene of a funtion h0(x) satisfying the hypothesis. Beause of the strong relationship between the sub-
and supersolutions and this h0, we save the existene of a ontinuous visosity solution to (3.3) on G× [0,∞)
satisfying given initial onditions for the spei example of the horizontal Gauss urvature ow equation
given in the next setion.
4. Appliation to the Horizontal Gauss Curvature Flow Equation
Our goal is to prove the existene of visosity solutions to the paraboli equation whih desribes the
horizontal Gauss urvature ow of the graph of a ontinuous funtion u. To do this, we need to introdue
some more notations and develop a formula for the horizontal Gauss urvature of suh a surfae. These
ideas were rst developed by D. Danielli, N. Garofalo, and D.-M. Nhieu in [16℄ and studied further by L.
Capogna, S. Pauls, and J. Tyson in [9℄, R. Hladky and S. Pauls in [23℄, Danielli, Garofalo, and Nhieu in [15℄,
and Selby in [36℄. In the next setion we follow [9℄ in the development of the denition of the horizontal
seond fundamental form from whih follows the denition of the horizontal Gauss urvature.
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4.1. Hypersurfaes in Carnot Groups and Horizontal Gauss Curvature. For eah L > 0 we de-
ne Riemannian metris gL, the anisotropi dilations of the metri g, haraterized by gL(Xi,1, Xj,1) =
g(Xi,1, Xj,1) = δij , gL(Xi,1, Xj,k) = gL(Xi,1, Xj,k) = 0 for all k 6= 1 and for all i, j, and gL(Xi,j , Xk,l) =
L2/lδikδjl for all j, l 6= 1. We dene a new, resaled frame whih is orthonormal with respet to gL:
FG1 =
{
X1, . . . , Xm1 , X˜1,2, . . . , X˜mr,r
}
where Xi = Xi,1 and X˜i,j = L
−1/jXi,j for 2 ≤ j ≤ r.
Let M be a smooth hypersurfae in G given by
M = {x ∈ G : u(x) = 0}
where u : G → R is a smooth funtion. Denote the harateristi set of M by Σ(M) = {x ∈ M : HxG ⊂
TxM} where HxG is the horizontal spae of G at x and TxM is the tangent spae to M at x.
Denition 9. For any non-harateristi point, the unit horizontal normal to M is dened as the normalized
projetion of the Riemannian normal to the horizontal subbundle. In the FG1 frame it is given as
ν0 =
(X1)uX1 + · · ·+ (Xm1u)
|(X1)uX1 + · · ·+ (Xm1u)|
.
Letting
νL =
DLu
|DLu|
denote the Riemannian unit normal (with respet to gL), we note that
lim
L→∞
νL = ν0
uniformly on ompat sets of M\Σ(M). We next onsider the basis for TG|M adapted to the submanifold
M:
FG2 = {Z1, . . . , Zm−1, νL}
where {Zi} is an orthonormal basis for TM in the metri gL.
Denition 10. The Riemannian seond fundamental form of M in the oordinate frame FG2 in (M, gL) is
given by
II
M,FG2
L =
(〈∇ZiνL, Zj〉L)i,j=1,...,m−1
where ∇ is the Levi-Civita onnetion assoiated to gL.
At any non-harateristi point we set
T0 =
νL − 〈νL, ν0〉L ν0
|νL − 〈νL, ν0〉L ν0
|L,
aL = 〈νL, ν0〉L
and
bL = 〈νL, T0〉L .
Thus
νL = aLν0 + bLT0.
We now dene a new basis.
Denition 11. Let (G, gL) be as above and M be a smooth hypersurfae in G given as a level set of a
funtion u : G→ R. Then
FG,gL3 = {e0, e1, . . . , em1−1, T1, . . . , Tn−1, νL}
is a basis for TG|M\Σ(M) of the form FG2 , where
e0 = bLν0 − aLT0,
{e1, . . . , em1−1} is an orthonormal basis for HM = TM ∩HG, and {T1, . . . , Tn−1} is an orthonormal basis
for VM = TM ∩ VG.
Now we are ready to dene the horizontal seond fundamental form.
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Denition 12. Given a smooth hypersurfae M ⊂ (G, gL) and the adapted basis FG3 , we dene the horizontal
seond fundamental form at any non-harateristi point as
IIM0 =
(〈∇eiν0, ej〉L)i,j=1,...,m1−1 .
Note that the horizontal seond fundamental form is not neessarily symmetri.
Denition 13. Let M ⊂ G be a smooth hypersurfae and denote by (IIM0 )∗ its symmetrized horizontal
seond fundamental form. The horizontal prinipal urvatures k1, . . . , km1−1 of M at a point x ∈M are the
eigenvalues of (IIM0 )
∗
. The horizontal Gauss urvature GM0 of M at x is det
[
(IIM0 )
∗
]
.
For a more detailed development of the horizontal Gauss urvature of hypersurfaes in Carnot groups we
refer the interested reader to [9℄ and [8℄.
4.2. Horizontal Convexity in Carnot Groups. In order to proeed, we need to dene an appropriate
notion of onvexity in Carnot groups. The theory was rst developed by D. Danielli, N. Garofalo, and D.-M
Nhieu [16℄, and independently by G. Lu, J. Manfredi, and B. Stroolini [31℄, and further studied by L.
Capogna, S. Pauls, and J. Tyson in [9℄ and P. Juutinen, G. Lu, J. Manfredi, and B. Stroolini in [29℄.
Denition 14. ([16, Denition 5.5℄) Let G be a Carnot group. A funtion u : G → R is alled weakly
H-onvex if for any g ∈ G and every λ ∈ [0, 1] one has
u(gδλ(g
−1g)) ≤ (1− λ)u(g) + λu(g′) for every g′ ∈ HgG.
Geometrially this denition gives us that a funtion u ∈ C1(G) is weakly H-onvex if and only if for
every g ∈ G the graph of the restrition of u to HgG lies above its tangent plane at ξ1(g) where we have let
g = exp(ξ1(g) + · · ·+ ξr(g)).
Beause of the nature of the horizontal Gauss urvature ow problem, we would like a way to desribe
the weak H-onvexity of u in terms of its horizontal Hessian.
Theorem 7. [16, Thm. 5.12℄ A funtion u ∈ C2(G) is weakly H-onvex if and only if (D20u)∗ is positive
semi-denite for every g ∈ G.
Sine we will be working with the graph of u in G× R, we will need the following theorem as well:
Theorem 8. [9, Cor. 4.4℄ Let G be a Carnot group. A smooth funtion u : G → R is weakly H-onvex if
and only if (II
G(u)
0 )
∗
is positive semi-denite where G(u) = {(x, s) ∈ G × R : u(x) − s = 0} is the epigraph
of u. Similarly, u is stritly weakly H-onvex if and only if (II
G(u)
0 )
∗
is positive denite.
This gives us several dierent ways of determining the weak H-onvexity of the funtion u. We would
also like to understand the weak H-onvexity of a set. Further, as u yields the desription of the surfae in
terms of level sets, we would like to relate the weak H-onvexity of the set given by the epigraph of u with
the weak H-onvexity of u.
Denition 15. [16, Denition 7.1℄ A subset A of a Carnot group G is alled weakly H-onvex if for any
g ∈ A and every g′ ∈ A ∩HgG one has gλ = gδλ(g−1g′) ∈ A for every λ ∈ [0, 1].
Geometrially, this denition means that A is weakly H-onvex if for any g ∈ A, the intersetino of A with
the horizontal plane HgG is starlike in the Eulidean sense with respet to g at the level of the Lie algebra.
With this denition, we have the following proposition:
Proposition 9. [16, Proposition 7.6℄ Let G be a Carnot group. Given a weakly H-onvex subset A ⊂ G,
a funtion u : A → R is weakly H-onvex if and only if epi u = {(x, s) ∈ G × R : u(x) ≤ s} is a weakly
H-onvex subset of G× R.
4.3. Evolution of Surfaes in G. Let G be a Carnot group. If u is a smooth funtion in x, for eah time
t we onsider the hypersurfae
Mt = {x ∈ G : u(x, t) = 0}.
Let GMt0 (x) denote the horizontal Gauss urvature of Mt at x given by
GMt0 (x) = det
[
(IIMt0 )
∗(x)
]
.
Fix t ≥ 0 and onsider x ∈Mt. Then the evolution of the point x is given by{
x˙(σ) = −GMσ0 (x(σ))ν0(x(σ), σ)
x(t) = x.
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Sine x(σ) ∈Mσ for some σ ≥ t we have
u(x(σ), σ) = 0.
Therefore
〈Du(x(σ), σ), x˙(σ)〉 + uσ(x(σ), σ) = 0,
i.e. 〈
Du(x(σ), σ),−GMσ0 (x(σ))ν0(x(σ), σ)
〉
+ uσ(x(σ), σ) = 0
where Du is the Eulidean derivative of u. If Xi =
∑m
j=1 ai,j∂xj , we dene
A =


a1,1 . . . a1,m
.
.
.
.
.
.
.
.
.
am1,1 . . . am1,m

 .
Then, 〈
Du(x(σ), σ),−GMσ0 (x(σ))
ATA(Du)
|A(Du)|
〉
=
−GMσ0 (x(σ))
|A(Du)| 〈A(Du), A(Du)〉
= −GMσ0 (x(σ))
|A(Du)|2
|A(Du)|
= −GMσ0 (x(σ))|D0u|.
Therefore,
uσ(x(σ), σ) = G
Mσ
0 (x(σ))|D0u|
= det
[
(IIMσ0 )
∗
]
|D0u|(4.1)
Now we would like to have an expliit desription of GMσ0 in terms of D0u and (D
2
0u)
∗
. From [9℄ we have
the following proposition.
Proposition 10. ([9, Proposition 3.13℄) Let u : G → R be a smooth funtion and M = {u(x) = 0}. Let
A = [FG3 → FG1 ] be the hange of basis matrix from FG3 to FG1 . We have the following identity of bilinear
forms:
|D0u|(IIM0 )∗ = (AT (D20u)∗A)|HM
at non-harateristi points. Here HM = TM ∩HG as before.
Therefore,
det((IIMt0 )
∗) = det
(
1
|D0u|(D
2
0u)
∗|HMt
)
.
In order to have a "nier" expression for the above determinant, we need to better understand the restrition
of (D20u)
∗
to HMt. Notie that (D
2
0u)
∗
is a bilinear form on HG|Mt , a series of standard omputations yields
det
( 1
|D0u|(D
2
0u)
∗|HMt
)
= det
(
1
|D0u| (Im1 − ν0 ⊗ ν0)(D
2
0u)
∗(Im1 − ν0 ⊗ ν0) + ν0 ⊗ ν0
)
Combining this with (4.1) we obtain the following equation desribing the horizontal Gauss urvature ow
of the original surfae M0:
(4.2) ut = |D0u| det
(
1
|D0u|(Im1 − ν0 ⊗ ν0)(D
2
0u)
∗(Im1 − ν0 ⊗ ν0) + ν0 ⊗ ν0
)
.
Example 4. Self-similarly shrinking ylinder Let G be a Carnot group of step r and for R0 > 0 let
(4.3) u(x, t) = |xH |2 − (−m1t+Rm10 )2/m1
Then the level sets
Mt = {x : u(x, t) = 0}
M0 = {x : u(x, 0) = 0}.
are produts of a sphere in V 1 with V 2 ⊕ · · · ⊕ V r. Notie that the funtion's spatial term only depends on
variables from the rst layer. Thus its horizontal Gauss urvature redues to the Eulidean Gauss urvature
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in Rm1 . This yields that u is a solution to (4.2) away from those points at whih D0u = 0, known as
harateristi points. However, Mt does not ontain any harateristi points. In partiular, we see that
ut = 2(−m1t+Rm10 )2/m1−1
and
|D0u| det[(IIMt0 )∗] = 2(−m1 +Rm10 )1/m1 ·
1
(−m1 +Rm10 )
m1−1
m1
= 2(−m1t+Rm10 )2/m1−1.
Finally, observe that Mt gives a self-similar ow of
M0 = {x : u0(x) = |xH |2 −R20 = 0}.
In partiular, Mt = δλ(t)M0 where λ(t) =
(−m1t+R
m1
0 )
1/m1
R0
.
Notie, that (4.2) has a singularity whenever D0u = 0, i.e. at harateristi points of Mt. Even in the
Eulidean setting, in whih the equation has the same form exept D0u is replaed by Du and (D
2
0u)
∗
is
replaed by D2u, this singularity poses signiant diulties. In partiular, we rst notie that the denition
of visosity solution as it is stated makes no sense when D0u = 0. In the Eulidean setting, an extended
denition of visosity solution is used (see [20, Setion 2.1.3℄, [27℄, [26℄). However, for Carnot group is it
still unlear what the appropriate extension should be. Beause of this, we will restrit ourselves to the ase
when Mt is guaranteed to have no harateristi points, i.e. when Mt is a graph.
4.4. Evolution of Graphs in G × R. Consider the Carnot group G × R with oordinates (x, s), x ∈ G,
s ∈ R. On the level of the Lie algebra, this orresponds to adding a single vetor eld, denoted S = ∂∂s , to
the rst layer of the grading. If u is a smooth funtion in x, for eah time t we onsider the graph:
Gt(u) = {(x, s) ∈ G× R : u(x, t)− s = 0}.
The unit horizontal normal ν0 to Gt(u) is given by
(4.4) ν0 =
D0u− S√
1 + |D0u|2
.
It is given in [9, Theorem 4.3℄ that the horizontal Gauss urvature of Gt(u) is given by
det
[
(II
Gt(u)
0 )
∗
]
=
det
[
(D20u)
∗
]
(√
1 + |D0u|2
)m1+2 .
Following the same development as in the previous subsetion we obtain
ut =
√
1 + |D0u|2 det
[
(II
Gt(u)
0 )
∗
]
Thus the equation desribing the horizontal Gauss urvature ow of the graph of u is given by
(4.5) ut =
det((D20u)
∗)
(
√
1 + |D0u|2)m1+1
.
In order to apply Theorem 2 to (4.5), it is neessary that
F (D0u, (D
2
0u)
∗) = − det((D
2
0u)
∗)(√
1 + |D0u|2
)m1+1
be ontinuous, degenerate ellipti and satisfy the property that if u(x, t) is a visosity subsolution then
µu(x, θt) is a visosity subsolution for θ ∈ (0, 1) and µ ∈ (0, 1) satisfying θµ−(m1−1) ≤ 1. Sine the
ontinuity of F is lear, our rst problem is degenerate elliptiity. However, equation (4.5) does not satisfy
this ondition in general. To remedy this, we introdue a new problem for whih degenerate elliptiity does
hold.
For any X ∈ Sm1(R), dene
det+X =
m1∏
i=1
max{λi, 0}
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where {λi} denotes the eigenvalues of X . We then redene the funtion
F (D0u, (D
2
0u)
∗) = − det+((D
2
0u)
∗)(√
1 + |D0u|2
)m1+1
and onsider the problem
(4.6) ut =
det+((D
2
0u)
∗)(√
1 + |D0u|2
)m1+1
Reall that in the Eulidean setting, the Gauss urvature ow preserves the strit onvexity of the original
surfae. This yields the equivalene of the modied and original problems as long as the original surfae is
stritly onvex. In general, the proof relies heavily on the omparison priniple as we must obtain information
onerning u(x, t) for t > 0 from u(x, 0). For the setting of Carnot groups, we begin with the orresponding
theorem pertaining to funtions u : Ω× [0, T )→ R where Ω ⊂ G is bounded.
Theorem 11. Let G be a Carnot group. Suppose u : Ω× [0, T )→ R, where Ω ⊂ G is bounded, is a smooth
solution to
(4.7)


ut =
det+((D
2
0u)
∗)
(
√
1+|D0u|2)m1+1
(∗)
u(x, 0) = u0(x) on Ω
u(x, t) = g(x, t) on ∂Ω× [0, T )
where g(x, t) is suh that gt(x, t) ≥ δ > 0 for all (x, t) ∈ ∂Ω× [0, T ) and u0(x) is stritly weakly H-onvex.
Then u(x, t) is stritly weakly H-onvex for eah xed t ≥ 0.
Proof. For this proof, we will follow P. Marati and M. Molinari [33, Lemma 2.4℄. First we dierentiate (*)
with respet to t. Using Jaobi's formula for the derivative of a determinant we get
utt =
−(m1 + 1)det+((D20u)∗)
(1 + |D0u|2)
m1+1
2
+1
(
m1∑
i=1
XiuXiut
)
+
det+((D
2
0u)
∗)
(
√
1 + |D0u|2)m1+1
m1∑
i,j=1
[
((D20u)
∗)−1
]
ji
[
(D20ut)
∗
]
ij
.
Letting ut = v we rewrite the above equation.
vt =
−(m1 + 1)det+((D20u)∗)
(1 + |D0u|2)
m1+1
2
+1
(
m1∑
i=1
XiuXiv
)
+
det+((D
2
0u)
∗)
(
√
1 + |D0u|2)m1+1
m1∑
i,j=1
[
((D20u)
∗)−1
]
ji
[
(D20v)
∗
]
ij
.(4.8)
Our goal is to apply the visosity theory of the previous setion to
F˜ (η,M) =
(m1 + 1)det+((D
2
0u)
∗)
(1 + |D0u|2)
m1+1
2
+1
(
m1∑
i=1
Xiu · ηi
)
− det+((D
2
0u)
∗)
(
√
1 + |D0u|2)m1+1
m1∑
i,j=1
[
((D20u)
∗)−1
]
ji
Mij .
In order to do so, we must have that F˜ is degenerate ellipti. Let M,N ∈ Sm1(R) suh that M ≤ N .
Notie that this is equivalent to requiring that N − M is positive semi-denite. We want to show that
F˜ (ξ,N) ≤ F˜ (ξ,M). From (4.8),
F˜ (ξ,M)− F˜ (ξ,N) = det+((D
2
0u)
∗)
(
√
1 + |D0u|2)m1+1
·
m1∑
i,j=1
[(
((D20u)
∗)−1
)T ]
ij
(N −M)ij
Reall Fejer's theorem [24, Corollary 7.5.4℄:
∑m1
i,j=1
[
((D20u)
∗)−1
]
ji
(N −M)ij ≥ 0 for any positive semi-
denite (N −M) if and only if (((D20u)∗)−1)T is positive semi-denite. Notiing that F˜ (ξ,M)− F˜ (ξ,N) = 0
unless (D20u)
∗
is positive semi-denite and that
(
((D20u)
∗)−1
)T
is positive semi-denite whenever (D20u)
∗
is,
Fejer's theorem yields F˜ (ξ,N) ≤ F˜ (ξ,M) as desired.
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Sine u0 is stritly weakly H-onvex by assumption, we have that the eigenvalues of (II
G0(u0)
0 )
∗
are stritly
positive. Therefore,
v(x, 0) = ut(x, 0) =
√
1 + |D0u|2 det((IIG0(u0)0 )∗) ≥ δ > 0.
Further, by our hypothesis,
v(x, t) = ut(x, t) = gt(x, t) ≥ δ > 0 for 0 ≤ t < T, x ∈ ∂Ω.
Combining these, v(x, t) ≥ δ > 0 on (∂Ω× [0, T )) ∪ (Ω× {0}). Therefore, by Corollary 3,
0 < v(x, t) = ut(x, t) =
√
1 + |D0u|2 det((IIGt(u)0 )∗)
for (x, t) ∈ Ω× [0, T ). Finally, by the ontinuity of the eigenvalues, we have that the eigenvalues of (IIGt(u)0 )∗
are stritly positive and that u(x, t) is stritly weakly H-onvex for all t. 
In order to extend this proof to u : G × [0, T ) → R, we immediately see that the omparison priniple
in this ase relies on the existene of the funtion h0 desribed in Theorem 2. Beause of this, we have the
following theorem onerning the preservation of onvexity for unbounded domains.
Theorem 12. Suppose that u is a smooth solution to{
ut =
det+((D
2
0u)
∗)
(
√
1+|D0u|2)m1+1
(∗)
u(x, 0) = u0(x)
suh that u0 is stritly weakly H-onvex and
−(m1 + 1)
1 + |D0u0|G(D0u0, (D
2
0u0)
∗)
(
m1∑
i=1
Xiu0XiG(D0u0, (D
2
0u0)
∗)
)
+ G(D0u0, (D
2
0u0)
∗)
m1∑
i,j=1
[
((D20u0)
∗)−1
]
ji
[(
D20G(D0u0, (D
2
0u0)
∗)
)∗]
ij
≥ 0
where G(D0u0, (D
2
0u0)
∗) =
det+((D
2
0u0)
∗)
(
√
1+|D0u0|2)m1+1
. Further suppose that there exists
h0(x) ∈ C(G) suh that h0(x) ≥ ǫ0|x|2r!g for all x ∈ G and for some ǫ0 > 0 and that
sup
(x,t)∈G×[0,T ]
|ut(x, t)− h0(x)| <∞.
Then u is stritly weakly H-onvex for all t.
Proof. We will again follow the idea of the proof Marati and Molinari [33, Lemma 2.4℄. Dierentiating (*)
with respet to time and letting v = ut we have:
vt =
−(m1 + 1) det+((D20u)∗)
(1 + |D0u|2)
m1+1
2
+1
(
m1∑
i=1
XiuXiv
)
+
det+((D
2
0u)
∗)
(
√
1 + |D0u|2)m1+1
m1∑
i,j=1
[
((D20u)
∗)−1
]
ji
[
(D20v)
∗
]
ij
(4.9)
As in Theorem 11, we an show that
F˜ (η,M) =
(m1 + 1) det+((D
2
0u)
∗)
(1 + |D0u|2)
m1+1
2
+1
(
m1∑
i=1
Xiu · ηi
)
− det+((D
2
0u)
∗)
(
√
1 + |D0u|2)m1+1
m1∑
i,j=1
[
((D20u)
∗)−1
]
ji
Mij .
is degenerate ellipti. Further, if v is a subsolution to (4.9), so is µv(x, θt) for all µ, θ ∈ (0, 1). Sine u0
is stritly weakly H-onvex by assumption, we have that the eigenvalues of (II
G0(u0)
0 )
∗
are stritly positive.
Therefore,
v(x, 0) = ut(x, 0) =
√
1 + |D0u0|2 det((IIG0(u0)0 )∗) ≥ δ > 0.
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Dene ϕ(x, t) := v(x, 0). Therefore, ϕ(x, 0) = v(x, 0) and ϕ(x, t) > 0 for all x, t. Further, by our hypothesis,
−F˜ (D0ϕ, (D20ϕ)∗) = −F˜ (D0v, (D20v)∗)|t=0
= vt(x, 0)
= utt(x, 0)
=
−(m1 + 1) det+((D20u0)∗)
(1 + |D0u0|2)
m1+1
2
+1
·
(
m1∑
i=1
Xiu0Xi
(
det+((D
2
0u0)
∗)
(
√
1 + |D0u0|2)m1+1
))
+
det+((D
2
0u0)
∗)
(
√
1 + |D0u0|2)m1+1
·
m1∑
i,j=1
[
((D20u0)
∗)−1
]
ji
[(
D20
(
det+((D
2
0u0)
∗)
(
√
1 + |D0u0|2)m1+1
))∗]
ij
≥ 0.
Therefore ϕ is a subsolution. Also by our hypothesis,
sup
(x,t)∈G×[0,T ]
(|ϕ(x, t) − h0(x)|+ |v(x, t) − h0(x)|) <∞.
By Theorem 2
0 < ϕ(x, t) ≤ v(x, t) = ut(x, t) =
√
1 + |D0u|2 det((IIGt(u)0 )∗)
for (x, t) ∈ Ω× [0, T ). Finally, by the ontinuity of the eigenvalues, we have that the eigenvalues of (IIGt(u)0 )∗
are stritly positive and that u(x, t) is stritly weakly H-onvex for all t. 
Using either Theorem 11 for bounded domains or Theorem 12 for unbounded domains, eah with the
appropriate hypotheses, we have that the modied problem is equivalent to the original horizontal Gauss
urvature ow problem whenever u0 is stritly weakly H-onvex. Thus in this situation it makes sense to
apply our visosity theory to the modied problem whih possesses the degenerate ellipti property we desire.
Finally, it is an easy omputation to see that if u(x, t) is a visosity subsolution to the modied problem,
then so is µu(x, θt) for θ ∈ (0, 1) and µ ∈ (0, 1) satisfying θµ−(m1−1) ≤ 1. Then using Perron's Method
and the omparison priniple, we have the following theorems onerning the existene and uniqueness of
ontinuous visosity solutions.
Theorem 13. Let G be a Carnot group. Let h ∈ C(G) be suh that
sup
G
|h(x) − h0(x)| <∞
and for eah ǫ ∈ (0, 1) there exists a onstant Bǫ > 0 suh that
|h(x) − h(ξ)| ≤ ǫ+Bǫh0(ξ−1x)
where h0 ∈ C2 is as in Theorem 2 and satises
C ≥ det+((D
2
0h0)
∗)(√
1 + |D0h0|2
)m1+1
for some onstant C > 0 and h0(0) = 0. Then there is a visosity solution u ∈ C(G × [0,∞)) of
(4.10)


ut =
det+((D
2
0u)
∗)“√
1+|D0u|2
”m1+1 in G× (0,∞)
u(x, 0) = h(x) for x ∈ G
Proof. The idea for this proof follows from [26, Theorem 2.7℄. First we will onstrut a visosity supersolution
of (4.10). Dene
w(x, t) = h0(x) + Ct for (x, t) ∈ G× [0,∞).
Then by our assumptions on h0, w is a visosity supersolution. Further, for eah ζ ∈ G, w(ζ−1x, t) is also a
visosity supersolution.
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Let ǫ ∈ (0, 1) and dene
f(x, t) = inf
ξ∈G,ǫ∈(0,1)
{h(ξ) + ǫ+Bǫw(ξ−1x, t)}.
By onstrution, eah h(ξ)+ǫ+Bǫw(ξ
−1x, t) is a visosity supersolution. By Lemma ??, f(x, t) is a visosity
supersolution. Notie that also by onstrution,
f(x, t) ≤ h(x) + ǫ+BǫCt
and
h(z)− h(ξ) ≤ ǫ+Bǫh0(ξ−1x) ≤ ǫ+Bǫh0(ξ−1x) + Ct =⇒ h(z) ≤ f(x, t).
Therefore
h(x) ≤ f(x, 0) ≤ h(x) + ǫ ∀ǫ ∈ (0, 1).
Thus h(x) = f(x, 0). Further,
sup
(x,t)∈G×[0,T ]
|f(x, t)− h0(x)| ≤ sup
(x,t)∈G×[0,T ]
(
|f(x, t)− h(x)| + |h(x)− h0(x)|
)
≤ sup
(x,t)∈G×[0,T ]
(
|ǫ +BǫCt|+ |h(x) − h0(x)|
)
< ∞.
Now to onstrut a visosity subsolution we set
z(x, t) = h(x) ∀(x, t) ∈ G× [0,∞).
Let ϕ ∈ C2,1 be suh that z(x, t) − ϕ(x, t) has a loal maximum at (xˆ, tˆ). Notie that sine z(x, t) is
dierentiable in t we must have zt = ϕt = 0. Therefore,
ϕt(xˆ, tˆ) = 0 ≤
det+
(
(D20ϕ(xˆ, tˆ))
∗
)
(√
1 + |D0ϕ(xˆ, tˆ)|2
)m1+1 .
Thus we have that z(x, t) is in fat a visosity subsolution. Further, z(x, t) satises the hypotheses both
parts (i) and (ii) of Theorem 2 by onstrution.
By Theorem 4, there exists a solution u to (4.6) suh that
z(x, t) ≤ u(x, t) ≤ f(x, t) ∀(x, t) ∈ G× (0,∞).
This inequality shows that
u∗ ≤ f∗ = h∗ = h∗ ≤ u∗ on G× {0}.
By Theorem 2, u∗ ≤ u∗ on G× [0,∞). Thus we have that u ∈ C(G× [0,∞)) and u(x, 0) = h(x) on G. 
Theorem 14. Let G be a Carnot group of step r. Suppose h0 : G→ R is suh that h0 ∈ C(G) and
h0(x) ≥ ǫ0|x|2r!g ∀x ∈ G.
If u and v are ontinuous solutions to

ut =
det+((D
2
0u)
∗)“√
1+|D0u|2
”m1+1 in G× (0,∞)
u(x, 0) = h(x) for x ∈ G
suh that for eah T > 0
sup
(x,t)∈G×[0,T ]
(|u(x, t)− h0(x)|+ |v(x, t) − h0(x)|) <∞
then u = v on G× (0,∞).
Proof. Let u and v be solutions satisfying the hypothesis of the theorem. Considering u as a subsolution
and v as a supersolution, Theorem 2 yields u ≤ v on G× (0,∞). Considering v as a subsolution and u as a
supersolution, Theorem 2 yields v ≤ u on G× (0,∞). Thus u = v on G× (0,∞). 
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Note that if h(x) satises the hypothesis of Theorem 13 and u and v are onstruted using the methods
of Theorem 13, then u and v satisfy
sup
(x,t)∈G×[0,T ]
(|u(x, t)− h0(x)|+ |v(x, t) − h0(x)|) <∞
by onstrution. This is beause suh solutions u satisfy:
sup
(x,t)∈G×[0,T ]
|u(x, t)− h0(x)| = sup
(x,t)∈G×[0,T ]
|u(x, t) + h(x)− h(x)− h0(x)|
≤ sup
(x,t)∈G×[0,T ]
(|u(x, t)− h(x)|+ |h(x) − h0(x)|)
≤ sup
(x,t)∈G×[0,T ]
(|f(x, t)− h(x)| + |h(x)− h0(x)|)
≤ sup
(x,t)∈G×[0,T ]
(|f(x, t)− h0(x)| + 2|h(x)− h0(x)|)
< ∞.
4.5. Example in H-type Groups. Reall that the above theorems and onstrutions rely heavily on the
existene of a funtion h0 : G→ R having the properties that h0 ∈ C2(G), h0(0) = 0,
h0(x) ≥ ǫ0|x|2r!g ∀x ∈ G
and
C ≥ det+((D
2
0h0(x))
∗)(√
1 + |D0h0(x)|2
)m1+1
for some C > 0. In this setion we will give an expliit example of suh an h0 for H-type groups.
LetH be an H-type group (see Example 1.3) with Lie algebra given by h = V 1⊕V 2 suh that {X1, . . . , Xm1}
forms an orthonormal basis of V 1 and {Y1, . . . , Yn} forms an orthonormal basis of V 2. For eah x ∈ H, let
v(x) = V 1 and z(x) = V 2 suh that x = exp(v(x) + z(x)). Let
h0(x) = (|v(x)|4 + 16|z(x)|2) ≥ |x|4g.
Notie that h0 ∈ C2(G) and h0(0) = 0 by onstrution. Thus it remains to be shown that there exists C > 0
suh that
C ≥ det+((D
2
0h0(x))
∗)(√
1 + |D0h0(x)|2
)m1+1
With this in mind, we onsider the following.
Reall
Xiu(x) =
∂
∂s
u(xesXi)|s=0
and that in a Carnot group of step two, the Baker-Campbell-Hausdor formula yields
eXeY = eX+Y+
1
2
[X,Y ].
Let ϕj(s) = h0(xe
sXj ). Then Xjh(x) = ϕ
′
j(0). Further, by the Baker-Campbell-Hausdor formula,
v(xesXj ) = v(x) + sXj and z(xe
sXj ) = z(x) + 12 [v(x), sXj ]. This yields
ϕj(s) = |v(x) + sXj |4 + 16|z(x) + s
2
[v(x), Xj ]|2.
Using only the fat that we are in a step two group,
ϕ′j(0) = 4
(|v(x)|2〈v(x), Xj〉+ 4〈z(x), [v(x), Xj ]〉) .
Then by the fat that the group is of H-type,
ϕ′j(0) = 4
(|v(x)|2〈v(x), Xj〉+ 4〈Jz(x)v(x), Xj〉) .
Using the properties Jz(x)v(x),
m1∑
j=1
(
ϕ′j(0)
)2
=
m1∑
j=1
16
(〈v(x)|v(x)|2 + 4Jz(x)v(x), Xj〉)2
= 16|v(x)|2|h0(x)|4
Therefore,
|D0(h0(x))|2 = 16|v(x)|2|h0(x)|4.
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Further, (
D20(h0(x))
)∗
ij
= 8〈v(x), Xi〉〈v(x), Xj〉+ 4|v(x)|2δij + 8〈[v(x), Xj ], [v(x), Xi]〉.
To bound the determinant of
(
D20(h0(x))
)∗
we will need the following:
m1∑
j=1
|[v(x), Xj ]|2 =
n∑
i=1
m1∑
j=1
〈Yi, [v(x), Xj ]〉2
=
n∑
i=1
m1∑
j=1
〈JYiv(x), Xj〉2
=
n∑
i=1
|JYiv(x)|2
=
n∑
i=1
|Yi|2|v(x)|2
= n|v(x)|2
Using this we get
det
(
(D20(h0(x))
∗
) ≤ m1∏
i=1
m1∑
j=1
∣∣∣(D20(h0(x)))∗ij
∣∣∣
≤
m1∏
i=1
(
m1∑
j=1
(
8|〈v(x), Xj〉|2 + 8|〈v(x), Xi〉|2 + 8|〈[v(x), Xj ]|2
+ 8|[v(x), Xi]|2 + 4|v(x)|2
))
≤ C
m1∏
i=1

m1∑
j=1
(|〈v(x), Xj〉|2 + |[v(x), Xj ]|2 + 4|v(x)|2)


= C
m1∏
i=1
(|v(x)|2 +m1|v(x)|2 + n|v(x)|2)
= C(m1, n)|v(x)|2m1
and
|D0(h0(x))|2 = 16|v(x)|2|h0(x)|2 ≥ 16|v(x)|6.
Therefore
det+
(
(D20(h0(x)))
∗
)
(√
1 + |D0(h0(x))|2
)m1+1 ≤ det+
(
(D20(h0(x)))
∗
)
(√
1 + 16|v(x)|6
)m1+1
≤ C(m1, n) |v(x)|
2m1(√
1 + 16|v(x)|6
)m1+1
≤ C˜(m1, n)
Thus for H-type groups, we have the following theorem onerning the existene of ontinuous solutions
to the horizontal Gauss urvature ow equation.
Theorem 15. Let H be an H-type group with Lie algebra given by h = V 1 ⊕ V 2. For eah x ∈ H, let
v(x) = V 1 and z(x) = V 2 suh that x = exp(v(x) + z(x)). Dene h0(x) = (|v(x)|4 + 16|z(x)|2) ≥ |x|4g. Let
h ∈ C(G) be suh that
sup
G
|h(x) − h0(x)| <∞
and for eah ǫ ∈ (0, 1) there exists a onstant Bǫ > 0 suh that
|h(x)− h(ξ)| ≤ ǫ+Bǫh0(ξ−1x).
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Then there is a visosity solution u ∈ C(G × [0,∞)) of
(4.11)


ut =
det+((D
2
0u)
∗)“√
1+|D0u|2
”m1+1 in G× (0,∞)
u(x, 0) = h(x) for x ∈ G
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